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Abstract: We study the scalability of 2-D discrete
wavelet transform algorithms on fine-grained paral-
lel architectures. The principal operation in the 2-D
DWT is the filtering operation used to implement the
filter banks of the 2-D subband decomposition. We
demonstrate that there exist combinations of the ma-
chine size, image size, and wavelet size for which the
time-domain algorithms outperform the frequency
domain algorithms, and vice-versa. We, therefore,
demonstrate that a hybrid approach which combines
time- and frequency-domain approaches can yield op-
timal performance for a broad range of problem and
machine sizes. Furthermore, we show the effect of
processor speed and the use of separable versus non-
separable wavelets on the crossover points between
the algorithm approaches.
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1 Introduction

Wavelet theory provides a unified framework for a
number of techniques developed in multiresolution
analysis [8, 10] and subband coding [5]. Although
wavelets have been studied by mathematicians for
many years, wavelet transforms have recently gener-
ated a great deal of interest as a new form of mul-
tiresolution representation for 1-D signals, e.g., for
speech coding, for compression of 2-D images, and
for 3-D analysis, e.g., for motion detection in video
sequences [8].

The wavelet transform is an operation that trans-
forms a function by integrating it with modified ver-
sions of some kernel function [2]. The kernel function
is called the mother wavelet, and the modifications
are translations and compressions (or dilations) of
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the mother wavelet. The DWT operates on sampled
(or discrete) data in one or more dimensions.

In this paper we focus on the 2-D DWT. As with
many algorithms in computer vision and image pro-
cessing, the 2-D DWT is computationally intensive
and operates on large data sets. A number of re-
searchers have proposed parallel solutions for the
DWT [3, 4, 6,7, 11, 14].

This paper analyzes the effect of various machine
and problem parameters on the performance of the
parallel 2-D DWT algorithm. These parameters
include machine size, problem size, wavelet size,
processor speed, and use of separable versus non-
separable wavelets. Most significantly, we also study
the choice of parallel filtering algorithm.

The filtering operation in the wavelet transform
can be accomplished either by convolutions with the
filter kernel in the time domain, or by computing
the discrete Fourier transform followed by point-by-
point multiplication in the frequency domain. We
show that the time domain and frequency domain
approaches can be combined to achieve optimal per-
formance for a broad range of problem and machine
sizes. QOur premise is that a parallel FFT algo-
rithm is faster than a convolution operation when
sizes of filter kernel and input signal are compara-
ble. In wavelet decomposition using large filter ker-
nels, there comes a stage due to the subsampling
process when the size of the input signal is compara-
ble to the filter size. We summarize analytical results
and present experimental results on the MasPar fine-
grained parallel computers.

2 2-D Discrete Wavelet Trans-
form

This section describes the wavelet decomposition of a
signal using a QMF (Quadrature Mirror Filter) filter
bank. We outline the algorithms for the 2-D discrete
wavelet transform (DWT). Additional details for the
case of 1-D and 2-D signals can be found in [9].

In Mallat [9], it is shown that the computation of
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. the wavelet representation can be accomplished with
a pyramidal algorithm based on convolutions with
quadrature mirror filters. The orthogonal wavelet
representation of a discrete signal z(n) can be com-
puted by convolving with the filters H(z) and G(z)
and retaining every other sample of the output,
where H(z) represents a lowpass filter and G(z) rep-
resents a highpass filter. The process of decomposing
the sequence into two sequences at half resolution can
be iterated on either or both sequences. To achieve
better resolution at lower frequencies, the scheme is
commonly iterated on the output of the lower band.

In order to apply wavelet decompositions to im-
ages, 2-D extensions of wavelets are required. This
can be achieved by the use of separable or non-
separable wavelets as described below.

A separable filter implies that filtering can be per-
formed in one dimension (rows), followed by filter-
ing in another dimension (columns). A 2-D wavelet
transform can be computed with a separable exten-
sion of the 1-D decomposition algorithm [9]. We first
convolve the rows of z(n, m) with a 1-D filter, retain
every other row, convolve the columns of the result-
ing signals with another 1-D filter, and retain every
other column. The filters used in this decomposi-
tion are the 1-D QMT filters. Further stages of the
2-D wavelet decomposition can be computed by re-
cursively applying the procedure to the LL Band of
the previous stage, where the LL band is the down-
sampled signal that has passed through the H(z)
filter in the row and column dimensions. In gen-
eral, K stages of wavelet decomposition result in a
(3K + 1)-band wavelet decomposition of the original
image z(n, m).

In certain cases, it is desirable to use non-separable
subsampling to obtain useful 2-D wavelet representa-
tions [9, 13]. For example, non-separable wavelet or-
thonormal bases can be used for texture discrimina-
tion and fractal analysis [10]. In this case, we can use
a non-separable 2-D subband decomposition scheme.
as The input signal is convolved with H(z1, 22) and
G(z1, #2), 2-D filters. Further iteration of the filter
bank on the output of the lowpass branch leads to a

2-D DWT.

3 Scalable Parallel Implemen-
tation of 2-D DWT

In this section, we examine the scalability of the 2-D
DWT on fine-grained machines. Our target architec-
tures for fine-grained implementation are the MasPar
MP-1 and MP-2. The MasPar computers are based
on a 2-D mesh interconnection network. Hence we
assume a 2-D mesh interconnect between processors,
although the analysis can easily be generalized to
other topologies.

The processors are distributed as a square grid of
/P /P processors, and each processor is connected

to its eight nearest neighbors by a 2-D mesh. We as-
sume a block distribution of the y/nx+/n image on the
p processors; each processor holds a non-overlapping
block of \/n/p x \/n/p pixels of the image, and ad-
Jjacent processors in the \/px./p processor grid hold
adjacent blocks of the input image. To simplify anal-
ysis, p is always assumed to be a perfect square, \/n
and /p are powers of 2, and p < n.

The separable 2-D DWT involves 1-D filtering of
the rows of the input image with 1-D wavelet fil-
ters H(z) and G(z), followed by 1-D filtering of the
columns of the image. We assume 1-D wavelet fil-
ters of size L, i.e., h(¢) and g(¢), 0 < i < L. Two
commonly used methods for filtering a digital signal
are convolution-based filtering in the time domain,
and point-by-point multiplication in the frequency
domain. Due to space limitations, we refer to [12]
for the detailed complexity analysis of the parallel al-
gorithms. We have shown that the time to perform
K = logn stages of convolution is bounded by the
following equation.

n
Teonv(n,p) = O (L;> . (1
In the case of non-separable filter kernels, the time
bound for the convolution based 2-D DWT decom-
position is given as follows:

Tconv(n,p) =0 <L2 —g) . (2)
To filter a signal in the frequency domain, we first
compute the Discrete Fourier Transform (DFT) of
the signal, perform a point-by-point multiplication
with the DFT of the filter sequence, and then com-
pute the Inverse Discrete Fourier Transform (IDFT)
of the product. For this case, we have shown that
the computation time for the K stages is given by:

Tppr(n,p) = O ( (g) logn + \/lﬁ) NE)

We assume that DFT coefficients of the filter are
computed off-line and are stored in the local memory
of each processor. The same asymptotic time bounds
are achieved for the case of non-separable filters.

From equations (1) and (3), it is clear that the
time taken for the convolution-based filtering in-
creases linearly with the size of the wavelet filter
kernel, while the time time taken by the FFT-based
filtering operation is independent of L. Thus, for
a given problem size and fixed number of proces-
sors, the frequency-domain method outperforms the
time-domain method for the filtering operation when
L > K'logn, where K’ is a constant and depends on
the ratio of computation and communication power
of the target machine. Comparing equations (1)
and (2), the convolution-based algorithms for the
non-separable case are slower by almost a factor
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of L/2. 'This implies that for fixed n and p, the
crossover value of L at which the convolution-based
algorithm becomes faster than the FFT-based algo-
rithm is higher for the non-separable 2-D DWT.

4 Experimental Results on the
MasPar MP-1 and MP-2

In this section, we discuss the implementation re-
sults on fine-grained SIMD machines. Fine-grained
machines, in general, are characterized by a large
number of processors with a fairly simple Arithmetic
Logic Unit (ALU) in each processor. As discussed in
Section 3, we use a block distribution of the \/nx+/n
input image on the p processors. Each processor
holds a non-overlapping block of /n/p x \/n/p pix-
els of the image. Since the available memory per
processor is limited, the number of image pixels per
processor n/p is small (y/n/p < 32).

For our experiments, we have used the MasPar
MP-1 and MP-2 as being representative of fine-
grained machines. Our algorithm implementations
use the Xnet primitive for interprocessor communi-
cation. Xnet allows data to be sent in parallel in
a specified direction using high-speed local routing
on the mesh. We present implementation results on
both the MP-1 and MP-2 to show the effects of pro-
cessing power of individual processors on the perfor-
mance of the algorithms. We have used an extended
version of sequential ANSI C, the MasPar Program-
ming Language (MPL), to keep our implementations
free of machine-dependent software features.

To ensure consistent results using both time-
domain and frequency-domain methods, we assume
that the input image is periodic with period 1/nx+/n.

4.1 Separable 2-D DWT

Fig. 2 shows the performance of the time-domain and
frequency-domain methods for increasing size of the
1-D wavelet filters A(7) and g(¢), 0 < i< L on 16K
processors of the MasPar MP-1. Fig. 2 (a) plots the
time taken for an input image of size 256 x 256, and
Fig. 2 (b) plots the time taken for an image of size
512 x 512 pixels. The experimental plots are con-
sistent with the theoretical results stated in equa-
tions (1) and (3). The time for the convolution-
based algorithm in the time-domain increases lin-
early with the filter size L, while the time for the
FFT-based frequency-domain algorithm is indepen-
dent of L. Similar results are obtained for larger
image sizes (v/nxy/n = 1KX1K, 2Kx2K, 4K x4K).

Fig. 2 (a) and (b) also indicate that the cross-over
point — i.e. the filter-size at which the FFT-based
algorithm outperforms the convolution-based algo-
rithm — increases with image size for a fixed number
of processors. We can determine the regions of the
filter-size/image-size space where each algorithm is

MP-1: Regions of Optimal Performance
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Figure 1: Experimentally determined regions in the
image-size and filter-size space where each method
is fastest. The plot is based on execution times for
16,384 processors of the MP-1.

fastest as shown in Fig. 1. Figures 2 and 1 clearly
indicate that scalability is best achieved by changing
the algorithm approach with a change in the problem
parameters.

We have performed scalability experiments on the
MasPar MP-1 and MP-2. Fig. 3 shows the scala-
bility of the algorithms with respect to the problem
size n. For a given wavelet filter and a fixed number
of processors, the time taken by the FFT-based fre-
quency domain method grows faster with increasing
n than the time taken by the time domain method.
This is consistent with the analytical results stated
in equations (1) and (3).

Fig. 4 shows the scalability behavior of the algo-
rithms with respect to increasing machine size. We
notice that the execution time decreases for both
algorithms with respect to p. However, beyond
a certain machine size, the execution time for the
FFT-based algorithm decreases faster than for the
convolution-based algorithm. This can be explained
by analyzing equations (1) and (3). As p increases,
n/p decreases. Beyond a certain value of p, the fil-
ter size L begins to dominate the execution time
of the convolution-based algorithm. Thus the fre-
quency domain method outperforms the time domain
operation for large L.

Both the MP-1 and MP-2 use the same Xnet com-
munication network. The only difference between
the architectures is the faster processors used by the
MP-2. Thus, to study the impact of processor speed,
we compare the performance of the algorithms us-
ing the same number of processors. It is evident
from Figs. 3 and 4 that the execution characteris-
tics of the algorithms are similar on the two ma-
chines. However, the crossover point (the ratio n/p
at which the FFT-based algorithm outperforms the
convolution-based algorithm) is higher on the MP-
2 relative to the MP-1. This is because the ratio
of computation to communication time is larger for
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Figure 2: Performance of the algorithms for increasing size of the wavelet filter (Z). The plots show the

time taken by the time-domain and frequency-domain methods on 16,384 processors of the MP-1 for (a) an
image of size 256 x 256 pixels, and (b) an image of size 512x 512 pixels.
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Figure 3: Comparison of performance on the MP-1 and MP-2: Scalability with respect to image size (y/nx
/1), for a wavelet filter of size 24 on 4096 processors of (a) the MP-1, and (b) the MP-2.
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Figure 4: Comparison of performance on the MP-1 and MP-2: Scalability with respect to processor size (p),
for a wavelet filter of size 16 and an input image of size 256 x 256 pixels, on (a) the MP-1, and (b) the MP-2.
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the convolution algorithm, hence it performs bet-
ter on the MP-2 due to the higher computation-
speed/communication-speed ratio of the MP-2.

As described in Section 2, the filter bank imple-
mentation of the wavelet decomposition involves suc-
cessive filtering and subsampling of the lowpass band
of the previous stage of decomposition. The effective
problem size ny decreases at each stage of the de-
composition. For a given machine size and wavelet
filter, we can determine the ratio » = n’/p for which
the frequency domain method outperforms the time
domain method on that machine. If the input image
size n > rp, we can perform the initial stages of the
wavelet decomposition using the frequency domain
method. When n; < rp, we switch to the time do-
main method for the remaining stages of the wavelet
decomposition. Thus, a poly-algorithmic approach
will provide optimal performance over a broad range
of problem and machine sizes.

5 Conclusions

In this paper, we have studied the scalability of 2-D
discrete wavelet transform algorithms on fine-grained
parallel architectures. We have compared the ana-
lytical complexity of the time domain and frequency
domain techniques used to implement the filter banks
of the 2-D subband decomposition schemes on paral-
lel machines. Experiments on the MasPar MP-1 and
MP-2 have validated the analytical results.

We have shown that while one algorithm performs
significantly better than the other for a certain com-
bination of the machine size, image size, and wavelet
size, the opposite may be true for a different set
of problem and machine parameters. By contrast-
ing the results on the MP-1 and MP-2, we observe
the impact of architectural parameters (e.g. ratio
of computation to communication speed) on the rel-
ative performance of the two algorithms. Finally,
we have shown how the time- and frequency-domain
approaches can be combined to achieve optimal per-
formance for a broad range of problem and machine
sizes.
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